In the first-principles bulk-layer model the superlattice structure and polarization are determined by first-principles computation of the bulk responses of the constituents to the electrical and mechanical boundary conditions in an insulating superlattice. In this work the model is extended to predict functional properties, specifically dielectric permittivity and piezoelectric response. A detailed comparison between the bulk-layer model and full first-principles calculations for three sets of perovskite oxide superlattices, PbTiO3/BaTiO3, BaTiO3/SrTiO3 and PbTiO3/SrTiO3, is presented. The bulk-layer model is shown to give an excellent first approximation to these important functional properties, and to allow for the identification and investigation of additional physics, including interface reconstruction and finite size effects. Technical issues in the generation of the necessary data for constituent compounds are addressed. These results form the foundation for a powerful data-driven method to facilitate discovery and design of superlattice systems with enhanced and tunable polarization, dielectric permittivity, and piezoelectric response.
Perovskite oxide superlattices continue to be of both fundamental and technological interest due to their wide variety of functional properties as well as the progress in atomic scale precision growth techniques that enable their realization [1] [2] [3] [4] . There is particular interest in systems in which the layering gives rise to distinctive functional properties, including enhancement of properties such as the piezoelectric response over those of either constituent [5] . While the microscopic origins of such behavior could include symmetry breaking by artificial structuring, a high density of atomically and electronically reconstructed interfaces, and finite size effects in the unit-cell-scale constituent layers, early experimental and first-principles investigation of BaTiO 3 /SrTiO 3 superlattices suggested that the properties of superlattices, even with ultrashort periods, can in fact be largely predicted by a "bulk-layer" model in which the properties of the superlattice are obtained by considering the bulk response to the changes in mechanical and electrical boundary conditions imposed on each constituent layer by lattice matching and approximate polarization matching [6] [7] [8] [9] .
For a given constituent material, the bulk response to the changes in mechanical boundary conditions corresponding to lattice matching is readily computed in a first-principles framework via a strained-bulk calculation in which two lattice vectors of the bulk material are fixed to match the substrate at the interface plane, and other structural parameters are relaxed [10, 11] . The development of first-principles methods allowing the calculation of structure and properties in nonzero uniform electric fields [12] and the subsequent recognition of the displacement field D as the fundamental electrostatic variable [13] allow a quantitative determination of how a constituent layer responds to changes in electrical boundary conditions, including a correct description of nonlinear behavior at high fields. The use of these first-principles electrical constitutive relations enables a fully rigorous implementation of the bulk-layer model.
The bulk-layer model has been successfully applied to a number of perovskite superlattice systems. For BaTiO 3 /SrTiO 3 , it accounts for the observed polarization of the SrTiO 3 layers [6, 7] and the evolution of the structure and polarization with epitaxial strain [14] [15] [16] . Extension to the case of perovskite superlattices with "charge-mismatched" constituents (for example, A 3+ B 3+ O 3 /A ′2+ B ′4+ O 3 ) [17] yielded quantitative predictions for the epitaxial strain dependence of the structure and polarization of PbTiO 3 /BiFeO 3 superlattices [17, 18] . For a broader range of superlattice systems, the predictions of the bulk-layer model can be expected to provide a good starting point from which interface and finite size effects can be identified and analyzed.
In this Letter, we show how to extend this definitive implementation of the bulk-layer model to the prediction of dielectric and piezoelectric responses in insulating superlattices. For three prototypical titanate superlattice systems, PbTiO 3 /BaTiO 3 , BaTiO 3 /SrTiO 3 , and PbTiO 3 /SrTiO 3 , we generate the necessary information about the bulk constituent compounds, apply the bulk-layer model to the prediction of superlattice structure, polarization, dielectric and piezoelectric responses and show that the model can accurately predict the values computed for individual superlattices using full firstprinciples methods. Thus, using only a database of computed bulk constituent properties, it should be possible to map out a large configuration space of superlattice combinations and investigate the microscopic origins of their functional properties, leading to a powerful data-driven method to facilitate discovery and design of superlattice systems with enhanced and tunable polarization, dielectric permittivity and piezoelectric response.
The constituent layers of the superlattice are modeled as strained-bulk materials [10, 11] responding uni-formly to the changes in mechanical and electrical boundary conditions produced by the superlattice, specifically lattice matching and absence of free charge at the interface. Here, we consider superlattices epitaxially coherent with a chosen substrate (here, (001) SrTiO 3 ), so that the lattice matching is implemented by fixing two lattice vectors (here, a = (a 0 , 0, 0) and b = (0, a 0 , 0)) to match the substrate at the interface plane. The absence of free charge corresponds to the condition that the displacement field D be uniform throughout the system [13] . Throughout this Letter we specialize to tetragonal systems where D, E, and P are along the four-fold axis with magnitudes given by D, E, and P . For the specified fixed lattice vectors, each constituent material α is described by the electric-elastic constitutive relations U (D; α), c(D; α), E(D; α), and P (D; α) corresponding to the energy per unit cell (taken relative to its minimum value), out-of-plane lattice parameter, electric field, and polarization, respectively.
The systems examined in this Letter are twocomponent superlattices with n 1 unit cell layers of material α 1 and n 2 layers of material α 2 , with fixed interface charge equal to zero. The energy of the system is modeled as the sum of the energies of the individual layers:
where x = n 1 /N with N = n 1 + n 2 . We consider situations in which the voltage drop V across the sample is controlled, with the V = 0 short-circuit boundary condition corresponding to the periodic boundary conditions used in first-principles calculations. In practice, we first construct
then the D that corresponds to the target V is obtained by solving V (D) = V and, if there are multiple solutions, choosing the one that gives the lowest value of U (D). From this, polarization, out-of-plane lattice constants, and dielectric and piezoelectric responses can be immediately obtained as described in the supplemental material. The treatment of more general superlattices, including more than two components and/or charge-mismatched constituents, is detailed in the supplemental material. Fig. 1 shows the electric-elastic constitutive relations for SrTiO 3 , BaTiO 3 , and PbTiO 3 computed for displacement fields ranging from D = 0 to just above the ground state polarization of PbTiO 3 ( P = 0.85 C/m 2 ). The ferroelectrics BaTiO 3 and PbTiO 3 display a characteristic double well in the energy and a non-monotonic behavior of the electric field with displacement field, consistent with the results for PbTiO 3 shown in [19, 20] . SrTiO 3 displays its characteristically flat energy well and nonlinear evolution of electric field with displacement field [21] , which, as we will discuss below, gives rise to very large dielectric and piezoelectric responses for superlattices with large SrTiO 3 fraction. Within our first-principles framework, SrTiO 3 is very slightly polar, with a shallow double well and non-monotonic electric field at small D as shown in the insets of Fig. 1 ; the experimental observation that SrTiO 3 is paraelectric down to low temperatures is attributed to the effects of quantum fluctuations [22] . The bulk structural parameters, polarization, dielectric permittivity, and piezoelectric response for each material are tabulated in the supplemental material. Fig. 2 shows the polarization for PbTiO 3 /BaTiO 3 superlattices as a function of x, the layer fraction of BaTiO 3 . The bulk-layer model shows a bowing below the linear interpolation between pure BaTiO 3 and pure PbTiO 3 . The first-principles results show only a very weak dependence on the superlattice period, converging quite rapidly to the model curve with increasing superlattice period for a given x. The x dependence of model tetragonality c/a, where c = c tot /N , is so strongly bowed that it is nonmonotonic. Here too, the first-principles results converge quite rapidly to the model curve with increasing superlattice period for a given x. The bulklayer model response functions ǫ 33 and d 33 also show distinctly nonlinear behavior, with a change in curvature at an intermediate value of x as well as non-monotonic behavior for ǫ 33 . The first-principles results for the response functions show a stronger dependence on the superlattice period, with substantial enhancement over the model and with the shortest-period (small N ), PbTiO 3 -richest (small x) superlattices displaying enhancement even above the values of each pure constituent. With increasing period, these values converge quite accurately to the model, as illustrated by the insets in Fig. 2 . This is as expected, since the interface and finite size effects in individual superlattices should become negligible in this limit, and the physics will be dominated by the effects included in the bulk-layer model, which depends only on x and is independent of the total superlattice period.
The results for the BaTiO 3 /SrTiO 3 superlattices, shown in Fig. 2 , show an upward bowing for the polarization (opposite to that of PbTiO 3 /BaTiO 3 ), and near linearity for the tetragonality as a function of x, the layer fraction of SrTiO 3 . The first principles results show weak dependence on the superlattice period. The near-flatness of the energy well U (D; SrTiO 3 ), leads to the large dielectric and piezoelectric responses in the SrTiO 3 -rich (large x) superlattices. In contrast to PbTiO 3 /BaTiO 3 the first principles results do not converge accurately to the model for large x.
Finally, the results for the PbTiO 3 /SrTiO 3 superlattices, shown in Fig. 2 , show only slight bowing for the polarization and the tetragonality as a function of x, the layer fraction of SrTiO 3 . The first-principles results show negligible dependence on superlattice period, lying on or very close to the model curves even for the shortestperiod superlattices. The dielectric response grows even more rapidly with x than for BaTiO 3 /SrTiO 3 (note the difference in the vertical scale). The piezoelectric response, in contrast, shows a striking suppression below the pure constituent values at intermediate values of x, which is also clearly evident in the first-principles results.
The bowing in the x dependence of the polarization for all three systems can be understood by considering x = 0.5. There, the minimization of U (D) with respect to D requires dU (D; α 1 )/dD = −dU (D; α 2 )/dD, and examination of Fig. 1 immediately shows that the value of D, and thus of P , that minimizes U (D) is between the values that minimize the individual U (D; α i ). For the superlattice systems containing BaTiO 3 , the relatively high stiffness of BaTiO 3 around its minimum gives minimal values of D for U (D) that are closer to that of BaTiO 3 (lower than the average D for PbTiO 3 /BaTiO 3 and higher than the average D for BaTiO 3 /SrTiO 3 ), corresponding to the observed bowings. The low stiffness of PbTiO 3 combines with the flatness of SrTiO 3 to give a minimizing D close to and just slightly below the average, corresponding to the small downward bowing for PbTiO 3 /SrTiO 3 .
The deviations from the simple linear interpolation values in the tetragonality (c/a) can be similarly understood by considering x = 0.5. In PbTiO 3 /BaTiO 3 , the value of c/a computed at the average D of the two constituents (D), that is 0.5(c(D; PbTiO 3 ) + c(D; BaTiO 3 )) is 4.102 A, above the linear interpolation value of 4.087Å. The downward bowing in P , so that the D at x = 0.5 is well belowD, is thus completely responsible for lowering the value of c/a at x = 0.5 so far as to lead to the nonmonotonic dependence on x. In contrast, for BaTiO 3 /SrTiO 3 the upward shift of c/a computed atD relative to the linear interpolation value is almost equal and opposite in sign to the downward shift due to the smaller bowing of P , so that c/a vs x is almost linear. Finally, for PbTiO 3 /SrTiO 3 , the two shifts are comparable in magnitude and both downward, accounting for the observed downward bowing.
The dependence of the dielectric permittivity and piezoelectric response on x can similarly be understood as following naturally from the constitutive relations shown in Fig. 1 . The details of this analysis, including how the enhancement of ǫ 33 in PbTiO 3 /BaTiO 3 is related to a supertetragonal phase of BaTiO 3 and how the suppression of d 33 in PbTiO 3 /SrTiO 3 results from the negative permittivity region in PbTiO 3 's constitutive relations, are discussed in the supplemental material.
An implicit assumption of the bulk-layer model is that the structure within each constituent layer is uniform. In the full first-principles calculations, the structure within each constituent layer is free to vary, and in particular, the region near the interface can be different from the layer interior. These additional degrees of freedom, together with interface effects, contribute to the larger responses seen in the full first-principles calculations. This is particularly pronounced in BaTiO 3 /SrTiO 3 and PbTiO 3 /SrTiO 3 superlattices with high SrTiO 3 fraction, for which examination of the structure in the SrTiO 3 layer shows comparatively large variation within the layer, partly accounting for the discrepancies between the full first-principles superlattice values and the model for ǫ 33 and d 33 .
In the results presented here, we have considered 5-atom P 4mm structures for the constituent compounds and 1x1xN P 4mm structures for the superlattices, allowing consistent comparisons between the bulk-layer model predictions and the first-principles calculations. In fact, both experimental and theoretical investigations of PbTiO 3 /SrTiO 3 superlattices show that oxygen octahedron rotations appear in the lowest-energy phases [23] [24] [25] . For comparison to PbTiO 3 /SrTiO 3 experiments, this model therefore should be extended, as done for PbTiO 3 /BiFeO 3 in [17] , by laterally enlarging the unit cells to allow rotations when computing the constitutive relations.
In PbTiO 3 /BaTiO 3 , the dielectric permitivitty and piezoelectric responses show strong period-dependent enhancements relative to the bulk-layer model, with the largest enhancements for the shortest period superlattices: 38% in ǫ 33 for the 1:1 superlattice and 32% in d 33 for the 2:1 superlattice. For both ǫ 33 and d 33 , the highest values at intermediate x are above the values for either constituent. This signals the contribution of the interfaces, including atomic and electronic reconstruction, and finite size effects. Detailed examination of the computed superlattice structures and phonons could give more information about these contributions; this is the subject of future work.
In summary, we have extended the first-principles bulk-layer model, which predicts the properties of superlattices from the bulk constituent responses to changing mechanical and electrical boundary conditions, to the prediction of dielectric and piezoelectric responses in insulating superlattices. We have presented a quantitative comparison between the model and full first-principles calculations for three sets of superlattices (PbTiO 3 /BaTiO 3 , BaTiO 3 /SrTiO 3 and PbTiO 3 /SrTiO 3 ) demonstrating that the model provides an excellent first approximation to the polarization, tetragonality, dielectric permittivity and piezoelectric response of these systems allowing the identification of interface and finite-size effect contributions. Expansion of the constituent database will allow the efficient exploration of a large configuration space of superlattices, enabling the data-driven design and discovery of superlattice materials with targeted functional properties. This work is supported by NSF DMR-1334428 and Office of Naval Research N00014-17-1-2770. Part of this work was performed at the Aspen Center for Physics, which is supported by NSF PHY-1607611. We thank Valentino Cooper, Cyrus Dreyer, Don Hamann, Janice Musfeldt, David Vanderbilt, and Tahir Yusufaly for useful discussions. We also thank Ron Cohen for suggesting the modifications to the fixed displacement field implementation discussed in the supplemental material. Computing resources were provided by the ERDC DoD Supercomputing Resource Center. 
First-Principles Bulk-Layer Model for Dielectric and Piezoelectric Responses in Superlattices: Supplemental Material

GENERAL FORMULATION OF THE MODEL
For the superlattice consisting of periodic repeats of k layers of unit cell thickness n i ; i = 1, ...k, with superlattice period N = i n i , the total energy is taken as the sum of the energies of the individual layers:
where x i = n i /N and the case of charge-mismatched constituents is treated by including fixed interface charges σ as in [17] , so that σ i = i−1 j=1 σ j,j+1 , σ j,j+1 is the fixed interface charge at the interface between layer j and layer j + 1, and σ 1 = 0.
We consider situations in which the voltage drop V across the sample is controlled, with the V = 0 short-circuit boundary condition corresponding to the periodic boundary conditions used in first-principles calculations. In practice, we first construct tot dc tot /dD. Note that the dielectric and piezoelectric constants used in this work are for fixed in-plane lattice constants; this is discussed below in the section "First-Principles Linear-Response Calculations With Epitaxial Constraints". While in the main text we discuss two-component superlattices, the model as formulated here can be applied to an arbitrary number of components. Results for three-component PbTiO 3 /SrTiO 3 /BaTiO 3 systems are shown below. 
DETERMINATION OF ELECTRIC-ELASTIC CONSTITUTIVE RELATIONS
The nonlinear responses of the constituent layers of the superlattice to changes in mechanical and electrical boundary conditions are modeled by electric-elastic constitutive relations U (D; α), c(D; α), E(D; α), and P(D; α), where U is the energy, c is the out of plane lattice vector, E is the electric field, P is the polarization, and α denotes the constituent material. In this work we consider systems with symmetry such that D = (0, 0, D), c = (0, 0, c), E = (0, 0, E), and P = (0, 0, P ) so that the functions reduce to U (D; α), c(D; α) E(D; α), and P (D; α). To determine these functions in the relevant range of D, we perform first-principles fixed-D calculations as implemented in ABINIT [26] [27] [28] . In this approach the energy is given by:
where E KS is the Kohn-Sham energy functional, Ω is the unit cell volume, ǫ 0 is the permittivity of free space, and P is the Berry phase polarization [29, 30] .
We have found that for structural relaxation at D much different than the spontaneous polarization additional care must generally be taken to successfully converge the calculation. In the fixed displacement field implementation in ABINIT the functional (S3) is not minimized directly. Instead the existing routines for performing fixed electric field (E) are utilized (see [13] ). During a single step of structural relaxation the ionic structure is fixed while the electronic Kohn-Sham wavefunctions are determined by applying varied E fields so that E = 1 ǫ0 (D − P ) is satisfied upon convergence. If the unrelaxed structure is far from the relaxed structure corresponding to the target D, the ABINIT implementation will fail as the relevant E values become so large that the energy functional no longer has a minimum as discussed in [12] .
One way to avoid this is by choosing starting structures close to the target structure for a particular D by changing D in small increments and using the structure from the previous step. However, we have found that with a small modification 1 to the fixed displacement field routines we can avoid this fine-scale incrementing of D, allowing for roughly an order of magnitude increase in efficiency. The modification is to cap the electric field allowed during intermediate ionic steps. This allows the structure to continue to relax towards structures for which P is closer to the target D and the electric field is smaller. At the largest values of D, it might be that the true electric field is larger than the capping value, yielding results in which the electric field in the final structure is equal to the capping value. In this situation either the cap has to be gradually increased (if there is still a minimum of the U function in this range of E) or no result can be obtained for D at and above this value. We have found a capping E field of 5 × 10 −3 a.u. (2.57 × 10 9 V/m) to work well for the materials studied here. Note that even in an implementation where (S3) was minimized directly a similar issue would still occur in that there would be no minimum in the energy functional for large D − P , and a similar limit on the second term in equation (S3) would need to be imposed for intermediate relaxation steps.
While this capping of the electric field allows for relaxation at D with starting structures which have a relatively large (D − P ), another issue can arise if this difference is too large. Since P of a periodic system takes values on a lattice, special care must be taken to choose the correct branch. Since the default behavior is to choose this branch so as to minimize the internal energy, if one starts a calculation fixing D to a value that differs by a polarization quantum from the spontaneous polarization of the starting structure, the P will stay on the wrong branch. This can be avoided by ramping D from its zero field value using steps smaller than a polarization quantum. For the systems examined here this step size is over an order of magnitude larger than previously required for the calculations performed with uncapped E.
To compute derivatives of the functions U , E, P and c, we use a spline fit to the first-principles calculations. The relation E(D) = TABLE S1 : Computed structural parameters and polarization (P ) of each epitaxially constrained constituent material.
We performed first-principles density-functional-theory calculations with the local density approximation (LDA) using the ABINIT package [26] [27] [28] . Norm-conserving pseudopotentials were generated with the Opium code [31, 32] . An energy cutoff of 800 eV was used with a 10×10×10 Monkhorst-Pack grid to sample the Brillouin zone for 5-atom-unit-cell systems, and equivalent k point densities for the superlattice systems [33] . Structural relaxations were performed with a force threshold of 10 meV/Å, except for SrTiO 3 fixed-displacement-field calculations where the slightly polar structure required a stricter convergence of 1 meV/Å. For the superlattices, polarization was computed using the Berry phase formalism [30] , and dielectric and piezoelectric responses were computed using density functional perturbation theory (DFPT) [34] [35] [36] . The electric-elastic constitutive relations for the materials BaTiO 3 , PbTiO 3 and SrTiO 3 were computed using fixed displacement field calculations for the five atom unit cell [13] . Convergence issues encountered (and the measures taken to remedy them) in performing the fixed displacement-field calculations were discussed in the previous section. The dielectric permittivity of the superlattice ǫ 33 = dD/dE ext can be expressed in terms of the behavior of individual layers as:
The non-monotonic behavior of ǫ 33 in PbTiO 3 /BaTiO 3 can be partly attributed to an anomaly in the high-D behavior of BaTiO 3 , with a nonlinear softening for D > 0.6 C/m 2 , evident in Fig. S1 . This softening arises from proximity in the energy landscape to a highly polar supertetragonal phase of BaTiO 3 which has been predicted to be stable at large negative pressure [37, 38] . While the supertetragonal phase is not even metastable under the mechanical and electrical boundary conditions explored, the values of D achieved in the BaTiO 3 layer in superlattices with a large fraction of PbTiO 3 are in this anomalous regime. Similarly large values of D are achieved in SrTiO 3 layers for PbTiO 3 /SrTiO 3 superlattices with low SrTiO 3 fraction. However, as can be seen in the SrTiO 3 dE/dD curve in Fig. S1 , while dE/dD does begin to soften in SrTiO 3 it never decreases in the relevant range of D. Furthermore, the large permittivity of SrTiO 3 dominates the evolution of ǫ 33 with x, and any enhancement due to effects on the energy landscape from a supertetragonal phase are comparatively negligible. The dielectric permittivity of PbTiO 3 /SrTiO 3 is seen to increase more rapidly with x than that of BaTiO 3 /SrTiO 3 (notice the difference in scales between the two plots). While there is a contribution from the slight softening of SrTiO 3 at high D, PbTiO 3 /SrTiO 3 is also the only one of the three systems examined here where one of the constituents has a negative dE(D; α)/dD for a large range of x (see PbTiO 3 in Fig. 1 at D < 0.55). A negative dE(D; α i )/dD in the denominator of equation (S4) increases the permittivity of the superlattice [39] .
The behavior of d 33 for each system can be understood by first recalling that d 33 = ǫ 33 g 33 . As can be seen in Fig. S2 , each system's g 33 (x) has a bowing following that of the polarization bowing for reasons analogous to those discussed regarding the tetragonality. In PbTiO 3 /BaTiO 3 the downward bowing of g 33 (x) is so strong that it is nonmonotonic. When multiplied by ǫ 33 (x), which has the previously discussed enhancement, the resulting d 33 (x) is monotonically decreasing, with a change in curvature. For both BaTiO 3 /SrTiO 3 and PbTiO 3 /SrTiO 3 g 33 is a monotonically decreasing function of x, while ǫ 33 is monotonically increasing, but their d 33 curves exhibit qualitatively different behavior. This can be understood by considering how the slope at any given x relates to the slopes and 33 /dx SrTiO 3 comes to dominate in the large x SrTiO 3 limit, resulting in the above condition not being satisfied implying a positive slope at large x. For BaTiO 3 /SrTiO 3 the above condition is not satisfied at x = 0, so d 33 (x) can monotonically increase. In PbTiO 3 /SrTiO 3 the larger ǫ 33 of PbTiO 3 (discussed above), combined with the positive curvature of g 33 result in the above inequality being satisfied for x = 0, leading to the nonmonotonic behavior observed in d 33 in Fig. 2 of the main text.
FIRST-PRINCIPLES LINEAR-RESPONSE CALCULATIONS WITH EPITAXIAL CONSTRAINTS
The dielectric and piezoelectric responses obtained in the model correspond to the response of the system with in-plane lattice constants fixed to those of SrTiO 3 (001), rather than the zero-stress responses designated ǫ 33 and d 33 in ABINIT. In this section, we give details on obtaining the reported responses from the quantities provided by ABINIT.
The epitaxially-constrained dielectric permittivity is ( dD3 dE3 ) σ3=0 where σ is the stress in Voigt notation. To obtain ( dD3 dE3 ) σ3=0 from the quantities provided by ABINIT, we note that with the condition that the in-plane lattice constants are fixed, the in-plane stress will change with electric field. We use the thermodynamic relation:
where S is the fixed electric field compliance tensor and η is the strain in Voigt notation [40] . With zero in-plane strain (η 1 = η 2 = 0), σ 3 = 0, and using the tetragonal symmetry of the systems examined in this work we can obtain from equation (S5)
Next we utilize the thermodynamic relation:
where ǫ is the zero-stress dielectric tensor and d pm = ( dDp dσm ) E=0 is the zero-stress piezoelectric tensor, and we differentiate D 3 with respect to E 3 obtaining:
The dσi dE3 are easily obtained from (S6) and inserted into the above expression to obtain the desired epitaxiallyconstrained dielectric permittivity:
Now we turn to the epitaxially-constrained piezoelectric response ( dD3 dσ3 ) E=0 . To express this in terms of the zerostress quantities provided by ABINIT, we proceed in close analogy to the discussion for ǫ 33 above. Note that with in-plane strain fixed, in-plane stress will change as σ 3 is varied. Again using thermodynamic relation (S5), still with η 1 = η 2 = 0 and tetragonal symmetry, but now with E i = 0 for all i, we can obtain
Making use of the thermodynamic relation (S7) we differentiate D 3 with respect to σ 3 obtaining
The desired dσ i /dσ 3 are easily obtained from (S10) yielding the epitaxially-constrained piezoelectric response:
The quantities d 33 , d 13 , S 13 , S 11 , and S 12 that appear in the right hand side of equations (S9) and (S12) can be obtained in a straightforward manner using the DFPT implementation in ABINIT along with the ANADDB postprocessing tool. This is also true for ǫ 33 , so long as the system contains no unstable phonon modes at the Γ point. However, in some PbTiO 3 /SrTiO 3 1x1xN P 4mm superlattice structures we find unstable E u polar modes meaning the full dielectric permittivity matrices can not be obtained directly using ANADDB. However, by symmetry the oscillator strengths of these modes are such that they do not contribute to ǫ 33 . In this case we obtain ǫ 33 using quantities that are output from ABINIT and ANADDB, first computing the zero strain ǫ 33 from equation 53 from [34] and then obtaining ǫ 33 = ǫ (η=0) 33
+ p e p3 d p3 , where e ij = dD j /dη i and η is the strain in Voigt notation.
COMPARISON OF LINEAR RESPONSE AND FINITE FIELD RESULTS FOR BULK CONSTITUENTS
In Fig. 2 of the main text we noted that the end point linear response calculations do not coincide perfectly with the model curve. In the DFPT calculations the response of the material to an electric field is computed using derivatives of the wavefunction with respect to the wavevector (k) in the Brillouin zone (BZ), which are found by solving a Sternheimer equation at each k point. In the finite field calculations used to parameterize the model, dependence on the wavefunction on wavevector (k) across the BZ are instead incorporated through the polarization P term in the energy functional. These two methods converge differently with respect to k-point sampling and plane wave basis [36, 41] resulting in small differences between the model and DFPT results even for bulk compounds; details are given in table S2.
